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the electrical displacement intensity factor (EDIF) are determined. Several examples for single and multi-
ple straight and curved cracks demonstrate the applicability of the method and show the inﬂuence of the
different system parameters.
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To meet the demand of advanced piezoelectric materials with
improved mechanical, thermal, corrosion and wear resistant prop-
erties, the concept of functionally graded materials (FGM) has re-
cently been extended to the ﬁeld of piezoelectric solids. To get
rid of the abrupt change of properties in laminated structures,
FGM can be used to smoothen the stress distribution. To our
knowledge, Li and Weng (2002a,b) are one of the ﬁrst who studied
static and dynamic fracture problems of functionally graded piezo-
electric materials (FGPM). A ﬁnite anti-plane crack in a strip of
FGPM subjected to a static load is analyzed in Li and Weng
(2002a). They assumed an exponential variation of the material
characteristics over the thickness of the strip, and found that the
magnitude of the SIFs is dependent on the inhomogeneity gradient.
In Li and Weng (2002b) closed forms of solutions for the dynamic
stress and electric displacement ﬁelds around the crack tip of a
Yoffe-type moving anti-plane crack in a functionally graded piezo-
electric strip are proposed. The analytical solution is obtained by
the use of the Fourier transform and reducing the mathematical
problem to two pairs of dual integral equations and consequently
into Fredholm integral equations of the second type. In Chen
et al. (2003) the dynamic anti-plane problem of an exponentiallyll rights reserved.
fax: +359 (0) 2971 3649.
@yahoo.com (T. Rangelov).graded piezoelectric strip containing a central impermeable/per-
meable crack perpendicular to the boundary is solved by the meth-
od of singular integral equations. The frequency dependent
dynamic behavior of two collinear anti-plane cracks with exponen-
tially varying properties in direction perpendicular to the cracks is
studied by dual integral equations in Ma et al. (2004). Wang and
Zhang (2004) considered the static problem of an exponentially
graded piezoelectric strip with a single and two collinear cracks.
The application of hypersingular integral equations to crack prob-
lems in non-homogeneous media was studied by Chan et al.
(2001). A strip with a crack parallel to the edge and exponentially
varying material properties according to the space coordinates was
treated by Wang et al. (2003). Anti-plane crack analysis of graded
piezoelectric materials under dynamic loading is investigated in
Singh et al. (2007, 2009), Kwon et al. (2002), Kwon and Lee
(2004), Kwon (2003), Liang (2006), Jin and Zhong (2002), Ma
et al. (2004, 2005). Recently also a variety of meshless methods
has been proposed and applied for in-plane dynamic analysis in
cracked graded piezoelectrics, see Sladek et al. (2007).
Special interest has been devoted in the last decade for a realis-
tic modeling of the dielectric medium inside the crack because its
properties inﬂuence the electro-mechanical ﬁeld around the crack
tip, see detail literature review in Chiang and Weng (2007) and
Rangelov et al. (2010). The impermeable assumption is based on
the fact that the permittivity of the piezoceramics is much higher
than that of air or vacuum inside the crack. In contrast,
completely permeable crack conditions are attained for the case
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piezoceramic goes to inﬁnity. However, the permeable crack model
assumes that the crack does not perturb the electric ﬁeld directly,
i.e. there is no potential jump. Since both idealized impermeable
and permeable models have their drawbacks the real situation is
better described by taking into account the electric ﬁeld inside
the crack and the electric potential jump across the crack faces.
When the crack is deformed, the thickness of the dielectric med-
ium ﬁlling the crack changes, which will inﬂuence the overall
dielectric property of the crack. As a result, the electric boundary
conditions along the crack surfaces will be deformation dependent
and therefore nonlinear. The signiﬁcant role of the dielectric per-
mittivity of the air on the stress concentration ﬁelds in piezoce-
ramics is demonstrated in Chiang and Weng (2007) by nonlinear
analysis of a penny-shaped dielectric crack subjected under static
electro-mechanical load. The authors reveal that the response of
the dielectric crack is nonlinear, but the linear impermeable and
permeable responses can serve as an approximation of the nonlin-
ear response. As far as the main aim of our study is the effect of
material inhomogeneity we will restrict ourselves to impermeable
crack model.
Most of the above mentioned works for anti-plane crack prob-
lems consider inﬁnite functionally graded domains with an expo-
nential variation of properties in only one direction, usually
normal or tangential to the straight crack. In nearly all cases, iner-
tia effects are ignored, but it should be mentioned that graded
piezoelectrics are often used in situations where signiﬁcant dy-
namic loadings are involved. The commonly used computational
tool is the method of singular integral equations. Despite of the
success of modern numerics such as the ﬁnite element method
and BIEM during solution of many boundary value problems, effec-
tive computational tools for dynamic fracture problems of contin-
uously inhomogeneous piezoelectric inﬁnite and ﬁnite solids are
still under development. The main reason for the lack of results ob-
tained by the BIEM for this type of problems is that in most cases
the governing partial differential equations with variable coefﬁ-
cients do not posses a fundamental solution that can easily be
implemented in existing BIEM software.
FGM is a kind of material in which the individual material com-
position varies continuously along certain directions in a controlla-
ble way. The modern fabrication technology of FGM allows the
possibility to manufacture graded components to meet prescribe
gradients in properties. The current FGPM used in surface acoustic
wave (SAW) devices can produce interesting combinations of prop-
erties such as gradients in electrical conductivity across any de-
sired spatial direction, see Chakraborty et al. (2005) and Kumar
and Simha (2007). This fact stimulates the modeling of graded
materials with different types of modulus variation, see Li and
Weng (2002a,b), Rangelov et al. (2008), Ma et al. (2005), Chen
et al. (2003) and Wang (2003). More or less the most of the
mechanical models describing the inhomogeneous material pro-
ﬁles are based on the assumption that material properties vary in
similar manner that is an idealization. This fact is connected with
the available computational tools. For the most of them it is impos-
sible to consider independent variation of the material properties.
More realistic solution is proposed in Ding andWeng (1999) where
analytical solution for the effective moduli of the functionally
graded composite is proposed basing on the more adequate
mechanical models. More speciﬁcally, they considered cases when
the shear modulus is constant but the bulk modulus vary linear
and vice versa. Here we consider anti-plane crack and assume qua-
dratic variation of the material properties. The work is an exten-
sion of previous investigations of the authors, see Rangelov et al.
(2008), Dineva et al. (2008, 2010). The authors in Rangelov et al.
(2008) analytically derived fundamental solutions for the anti-
plane dynamic case concerning certain classes of FGPM includinginhomogeneity distributions of quadratic, exponential and sinusoi-
dal type. A BIE formulation was presented for cracked inhomoge-
neous solid subjected to anti-plane mechanical and in-plane
electrical loads and tested at several examples. In this work, crack
interaction and the inﬂuence of external boundaries was not taken
into consideration. In Dineva et al. (2008) the authors studied mul-
tiple in-plane crack interaction in inﬁnite domains, but they did
not account for the material inhomogeneity and did not consider
ﬁnite piezoelectric anti-plane cracked solids. In-plane crack analy-
sis of functionally graded piezoelectric solids under time-harmonic
loads is considered in Dineva et al. (2010). In this paper an inves-
tigation of the combined effect of the material inhomogeneity,
the load’s frequency and the geometry of the crack scenario is pre-
sented and discussed. Based on the results in Rangelov et al.
(2008), Dineva et al. (2008, 2010) the present work aims to evalu-
ate the dynamic stress concentration ﬁeld in a ﬁnite functionally
graded piezoelectric solid with anti-plane cracks as a complex re-
sult from the mutual inﬂuence of the factors like (a) the dynamic
electromechanical load, (b) the piezoelectric material with its spe-
ciﬁc peculiarities as electro-mechanical coupling, anisotropy and
quadratically varying inhomogeneity in arbitrary direction and
(c) the geometry of the crack scenario including multiple crack
interaction and interaction with the external boundary. For this
aim a numerical scheme based on the non-hypersingular traction
based BIEM is developed, validated and applied.
The paper is organized as follows: the statement of the anti-
plane dynamic problem for a multiple cracked ﬁnite functionally
graded piezoelectric solid is given in Section 2. The non-hypersin-
gular traction based BIE formulation is presented in Section 3. The
numerical scheme and its realization is described in Section 4. A
series of numerical results are discussed in Section 5, while some
conclusions are ﬁnally given in Section 6.2. Statement of the problem
Although some parts of the problem statement can be found in
Rangelov et al. (2008) they are repeated here in order to be self-
contained. In a Cartesian coordinate system Ox1x2x3 in R3 consider
a ﬁnite transversely isotropic functionally graded piezoelectric so-
lid Gwith a smooth boundary S, poled in Ox3 direction containing N
internal ﬁnite arbitrary shaped cracks Skcr , k = 1, . . . ,N, of arc length
2ck, see Fig. 1. Let G be subjected to a time-harmonic anti-plane
mechanical and in-plane electrical load with a frequency x. The
only non-vanishing displacements are the anti-plane mechanical
displacement u3(x1,x2) and the in-plane electrical displacements
Di(x1,x2). Since all ﬁelds are time-harmonic with the frequency x
the common multiplier eixt is suppressed here and in the follow-
ing. For such a case, assuming quasi-static approximation of piezo-
electricity, the ﬁeld equations in absence of body forces are given
by the balance equations
ri3;i þ qx2u3 ¼ 0; Di;i ¼ 0; ð1Þ
the strain–displacement and electric ﬁeld–potential relations
si3 ¼ u3;i; Ei ¼ /;i ð2Þ
and the constitutive relations
r13 ¼ c44s13  e15E1;
r23 ¼ c44s23  e15E2;
D1 ¼ e15s13 þ e11E1;
D2 ¼ e15s23 þ e11E2:
ð3Þ
Here ri3, si3, Ei, / are the stress tensor, strain tensor, electric ﬁeld
vector and the electric potential, respectively, i = 1,2, subscript
commas denote partial differentiation and the summation conven-
x2
x1
Scr
S
G
a
h(x)
Fig. 1. 2D inhomogeneous ﬁnite anti-plane cracked piezoelectric solid.
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the mass density, the shear stiffness, the piezoelectric and the
dielectric permittivity characteristics.
Suppose that the mass density and the material parameters
vary in the same manner with x = (x1,x2) through the function
h(x) = (a1x1 + a2x2 + 1)2, i.e.
c44 ¼ c044hðxÞ; e15 ¼ e015hðxÞ; e11 ¼ e011hðxÞ; q ¼ q0hðxÞ: ð4Þ
Restrictions on the inhomogeneity function h(x) are due to the non-
degeneracy of Eq. (1), i.e.
G \ fðx1; x2Þ : a1x1 þ a2x2 þ 1 ¼ 0g ¼ ;: ð5Þ
Poisson’s ratio can be assumed to be constant, see Delale and Erdo-
gan (1983, 1988) owing to the fact that its variation within a prac-
tical range has the rather insigniﬁcant inﬂuence on the value of the
near-tip driving for fracture. So, in our case of the anti-plane crack
the only elastic module – the shear modulus (resp. Young’s modu-
lus) will vary, but the Poisson ratio is a constant. The same approach
for anti-plane crack problem is used by Li and Weng (2002a,b),
Wang (2003), Chen and Liu (2005), Singh et al. (2007, 2009), Collet
et al. (2006). The assumption that the elastic, piezoelectric and
dielectric properties vary in one and the same way is a necessary
idealization to avoid the mathematical complexity of the consid-
ered problem. However even in this case it is worth to do such a re-
search as far as it reveals the complex character of the dynamic
stress and electric ﬁeld concentrations around cracks. Also the ob-
tained results can be used as benchmark problem solutions.
The inhomogeneity parameter, the vector a = (a1,a2), can be
written in polar coordinates as a = r(cosa, sina) where a and r are
the direction and the magnitude of the inhomogeneity gradient.
The basic Eqs. (2) and (3) can be written in a more compact
form if the notation of the generalized displacement uJ = (u3,/) is
introduced. The constitutive Eq. (3) then take the form
riJ ¼ CiJKluK;l i; l ¼ 1;2; J;K ¼ 3;4; ð6Þ
where
Ci33l ¼
c44; i ¼ l;
0; i– l;

Ci43l ¼ Ci34l ¼
e15; i ¼ l;
0; i– l;

Ci44l ¼
e11; i ¼ l;
0; i– l

and Eq. (1) reduces to
riJ;i þ qJKx2uK ¼ 0; J;K ¼ 3;4; ð7Þ
with the generalized mass density qJK ¼
q; J ¼ K ¼ 3;
0; J ¼ 4 or K ¼ 4:

Note that Eq. (7) in conjunction with Eq. (6) must be regarded as
a system with non-constant coefﬁcients since the material param-
eters depend on x.
The boundary conditions on the outer boundary S are given by a
prescribed displacement uJ on the part of the boundary Su andprescribed traction tJ on the complementary part St, S = Su [ St,
Su \ St = ;, i.e.
uJðxÞ ¼ uJðxÞ on Su; tJðxÞ ¼ tJðxÞ on St : ð8Þ
The boundary condition along each crack is
tJ ¼ 0 on Scr ¼ [N1 Skcr : ð9Þ
This means that the cracks are assumed to be free of mechanical
traction as well as of surface charges, i.e. all cracks are electrically
impermeable.
One way to solve the boundary value problem Eqs. (7)–(9)
numerically is to transform it into equivalent integro-differential
equation along the boundaries S [ Scr. This will be done by using
the fundamental solution of Eq. (7), proposed in Rangelov and
Dineva (2007). Our aim is to solve the boundary value problem
within the framework of a non-hypersingular traction BIEM and
to determine the stress intensity factors occurring in the cracked
solid.
3. Boundary integral equation formulation
The non-hypersingular traction based BIE is derived following
the procedure given by Wang and Zhang (2005) and Rangelov
et al. (2008). Using superposition principle the displacements
and the traction are represented as uJ ¼ u0J þ ucJ ; tJ ¼ t0J þ tcJ where
u0J ; t
0
J are the ﬁelds due to the load on the external boundary S of
the crack free body, while the ﬁelds ucJ ; t
c
J are induced by the load
tcJ ¼ t0J on the kth crack line Skcr with zero boundary conditions on
the external boundary S. Applying the representation formula for
the generalized displacement gradients uK,l, see Wang and Zhang
(2005), and taking the limit x? S [ Scr, the following system of
BIE describes the posed boundary value problem
1
2
t0J ðxÞ ¼ CiJKlniðxÞ
Z
S
rgPKðx; yÞu0P;gðyÞ  qQPx2uQKðx; yÞu0PðyÞ
 
dkl
h
rkPKðx; yÞu0P;lðyÞ
i
nkðyÞdS CiJKlniðxÞ
Z
S
uPK;lðx; yÞt0PðyÞdS;
x 2 S;
tJðxÞ ¼ CiJKlniðxÞ
XN
k¼1
Z
Skþcr
rgPKðx; yÞDuc;kP;gðyÞ
h
qQPx2uQKðx; yÞDuc;kP ðyÞ

dkl  rkPKðx; yÞDuc;kP;l ðyÞ
i
nkðyÞdSkcr
þ CiJKlniðxÞ
Z
S
rgPKðx; yÞucP;gðyÞ  qQPx2uQKðx; yÞDucPðyÞ
 
dkl
h
rkPKðx; yÞucP;lðyÞ
i
nkðyÞdS CiJKlniðxÞ
Z
S
uPK;lðx; yÞtcPðyÞdS;
x 2 S [ Scr: ð10Þ
Here, uJK is the fundamental solution of Eq. (7), riJQ ¼ CiJKluKQ ;l is the
corresponding stress, tJ ¼
tcJ on S
t0;kJ on Skcr
(
and Duc;kJ ¼ uc;kJ jSþkcr  u
c;k
J jSkcr
is the generalized crack opening displacement (COD) on the kth
crack Skcr . Furthermore, x = (x1,x2) and y = (y1,y2) denote the position
vector of the observation and source point, respectively. The func-
tions uJ; tJ ; uJK ; riJQ additionally depend on the frequencyx, which
is omitted in the list of arguments for simplicity. Eq. (10) constitute
a system of integro-differential equations for the unknowns Duc;kJ on
the line Skcr of each crack and u
c
J ; t
c
J on the external boundary S of the
piezoelectric solid. From its solution the generalized displacement
uJ at every internal point of G can be determined by using the cor-
responding representation formulae, see Wang and Zhang (2005)
and Gross et al. (2007).
Fig. 2. Cracked rectangular inhomogeneous ﬁnite plate.
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damental solution uJK and its stress rlQK in closed form. The funda-
mental solution of Eq. (7) is deﬁned as solution of the equation
riJM;i þ qJKx2uKM ¼ dJMdðx; nÞ; ð11Þ
where d is the Dirac distribution and dJM is the Kronecker symbol.
The fundamental solution for the inhomogeneous solids under
anti-plane mechanical and in-plane electrical loading is derived in
Rangelov and Dineva (2007), Rangelov et al. (2008) and we shortly
present it here for the aim of completeness, see Section A.
First with a suitable change of functions, see Manolis and Shaw
(1996), Eq. (11) is transformed into an equation with constant
coefﬁcients. The smooth transformation uJK ¼ h1=2ðxÞUJK in G leads
to an equation with constant coefﬁcients for UJK . The second step is
to apply the Radon transform, see Zayed (1996), and to obtain a
system of ordinary differential equations. This system is decoupled
via linear algebra tools. The third step is to apply the inverse Radon
transform and to ﬁnd the fundamental solution in the form
uJK ¼ h1=2ðxÞUJKh1=2ðnÞ: ð12Þ
This fundamental solution and its stress are implemented in the
program code for the numerical solution of the boundary value
problem.
4. Numerical procedure
The numerical procedure for the solution of the boundary value
problem follows the numerical algorithm developed and validated
in Rangelov et al. (2008), Dineva et al. (2008) and Gross et al.
(2007). The cracks Scr and the boundary S are discretized by qua-
dratic boundary elements (BE) away from the crack-tips and spe-
cial crack-tip quarter-point BE near the crack-tips to model the
asymptotic behavior of the displacement and the traction. Apply-
ing the shifted point scheme, the singular integrals converge in
Cauchy principal value (CPV) sense, since the smoothness require-
ments DuJ 2 C1 +a(Scr), uJ 2 C1+a(S), tJ 2 Ca(S) of the approximation
are fulﬁlled, see Rangelov et al. (2003). Due to the form of the fun-
damental solution as an integral over the unit circle, see Section A,
all integrals in Eq. (10) are two dimensional. In general there ap-
pear two types of integrals – regular integrals and singular inte-
grals, the latter including a weak ‘‘lnr” type singularity and also a
strong ‘‘1r” type singularity. The regular integrals are solved using
quasi-Monte Carlo method (QMCM), while the singular integrals
are solved with a combined method – partially analytically as
CPV integrals, partially with QMCM, see Section B.
After the discretization procedure an algebraic linear complex
system of equations is obtained and solved. The program code
based on FORTRAN has been created following the above outlined
procedure.
The mechanical dynamic SIF KIII and the electrical displacement
intensity factor KD are obtained directly from the traction nodal
values ahead of the crack-tip, see Aliabadi and Rooke (1991). For
example, in case of a straight crack, the interval (c,c) on the
Ox1-axis, the expressions are
KIII ¼ lim
x1!c
t3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  cÞ
p
; KD ¼ lim
x1!c
t4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  cÞ
p
; ð13Þ
where tJ is the generalized traction at the point (x1,0) close to the
crack-tip.
Formulae (13) are based on the fact known in the literature, see
Li and Weng (2002a), that stresses and electric displacements at
the crack-tip in functionally graded materials still posses the in-
verse square root singularity in terms of a local coordinate at the
crack-tip and that the angular distribution functions are the same
as in the cases of a homogeneous piezoelectric solid.5. Numerical results
In all examples cracks are of length 2c = 5 mm and they are dis-
cretisized by 7 BE, while a total number of 20 ordinary quadratic BE
on the external boundary are used. Numerical studies showed that
this number of BE is sufﬁcient to achieve an satisfactorily accuracy
within the considered frequency range. The ﬁrst and the last BE on
the cracks are quarter-point BE, while the remaining elements are
ordinary quadratic BE. Their lengths lj are chosen as follows:
l1 = l7 = 0.375 mm, l2 = l6 = 0.5 mm, l3 = l5 = 1.0 mm, l4 = 1.25 mm.
Considered is a piezoelectric cracked rectangular plate with
dimensions 20 mm  40 mm loaded by uniform time-harmonic
electro-mechanical tension in x2 direction with amplitudes
r0 = 400  106 N/m2 and D0 = 0.1 C/m2, see Fig. 2. The electro-
mechanical properties of the reference piezoelectric ceramic PZT
4 are: elastic stiffness c044 ¼ 2:56 1010 N=m2, piezoelectric con-
stant e015 ¼ 12:7 C=m2, dielectric constant e011 ¼ 64:6 1010
C=Vm and density q0 = 7.5  103 kg/m3.
To the authors’ best knowledge there are no SIF results available
for ﬁnite cracked piezoelectric solids with quadratically varying
material properties subjected to time-harmonic anti-plane
mechanical and in-plane electrical loading. For this reason the val-
idation of the numerical scheme is possible only by comparing the
authors’ BIEM results with results of other authors for the homoge-
neous case. For this purpose the inhomogeneity function h(x) in the
developed program code for the inhomogeneous case must simply
be set to 1.
In the following the BIEM results are compared with the results
of Wang and Meguid (2000) who used the singular integral equa-
tion method. They studied a single crack in an inﬁnite homoge-
neous plane subjected to a mechanical load t03 ¼ s ¼ a0k; a0 ¼
c044 þ
e0215
e011
; k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q0=a0
p
of a normal incident SH wave and an addi-
tional electrical load t04 ¼ sd; d ¼
e011
e015
s. A detailed discussion of a
similar comparison is given in the work of Rangelov et al. (2008)
which is restricted to inﬁnite domains. In order to test the new
BIE solution method for ﬁnite piezoelectric solids the results of
Wang and Meguid (2000) are now compared with the BIEM results
0.8
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Fig. 3. Normalized SIF versus normalized frequency for a homogeneous inﬁnite plate under electro-mechanical load: (a) single crack, and (b) two collinear cracks.
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the side length of the square. Fig. 3a shows the normalized dy-
namic SIF KIII ¼ KIII=s
ﬃﬃﬃﬃﬃﬃ
pc
p
versus normalized frequency X = kc of
the applied electro-mechanical load. An excellent coincidence be-
tween the results obtained by the different computational tech-
niques can be observed. This underlines the good accuracy of the
proposed traction based BIEM approach for the solution of 2D
time-harmonic problems. This example also shows that remote
external boundaries do not inﬂuence the results signiﬁcantly in
the considered frequency range.
In Fig. 3b the results of Wang and Meguid (2000) for s = 0.5 are
compared with those of two collinear cracks with distance e = 10c
in an inﬁnite plane. Because of the big distance the SIF KIII are ex-
pected to take nearly the same values as for as single crack since
crack interaction is weak. The case of a cracked square plate of size
w > 10c (referred below as an inﬁnite plate), with two cracks at dis-
tance e = 7c subjected by the same time-harmonic load as in the
previous example with s = 0 is also validated. As can be seen from
Fig. 3b this solution recovers again the solution of Wang and Me-
guid (2000). The difference is not bigger than 8% what indicates
that the proposed method works for multiple cracks in a ﬁnite so-
lid with high accuracy.
We now will discuss numerical results, which provide some in-
sight in the effect of various system parameters on the SIFs as they
are: (a) the frequency of the applied load, (b) the direction andmagnitude of the material inhomogeneity, (c) the electro-mechan-
ical coupling, (d) the wave–crack, wave–material, crack–crack and
crack-external boundary interaction and (e) the geometry of the
crack scenario.
The ﬁrst series of numerical results concern a ﬁnite rectangular
center cracked plate of PZT 4 having quadratically varying material
properties with a prescribed magnitude and direction. The straight
crack has the half-length c and the plate is loaded by a mechanical
time-harmonic load with the amplitude r0 = 400  106 N/m2 and/
or an in-plane electrical displacement with the amplitude
D0 = 0.1 C/m2. Fig. 4a,b,c shows for a pure mechanical load how
the normalized mechanical SIF KIII values depend on the frequency
and on the direction and magnitude of the material inhomogene-
ity. For a = 90 the magnitude of the ﬁrst peak at X  0.15 is high-
est for the homogeneous case (rc = 0) and lowest for the strongest
inhomogeneity (rc = 0.1), see Fig. 4a. This tendency changes signif-
icantly with X and a. For example, at a = 20 the second peak at
X  0.45 is highest for the strongest inhomogeneity (rc = 0.1) and
lowest for the homogeneous case (rc = 0). In Fig. 5a,b,c for three dif-
ferent combinations of electro-mechanical loading, KIII curves for
different inhomogeneity strengths rc at a ﬁxed inhomogeneity
direction a = 90 are compared. Fig. 5b and c shows the results
for pure mechanical and pure electrical loading, respectively. The
necessary additional normalization in the latter ﬁgure is done by
D0 e015=e011
 
. As can be seen from the ﬁgures, for all three loading
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Fig. 4. Normalized SIF versus normalized frequency at the right crack-tip for an inhomogeneous ﬁnite plate under mechanical load (amplitude r0 = 400  106 N/m2) for
different inhomogeneity directions: (a) a = 90, (b) a = 45 and (c) a = 20.
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lowest for the strongest inhomogeneity. The reversed tendency
can be observed at the second peak. The height of the peaks
strongly depends on the loading. Fig. 6a,b,c presents the normal-ized electrical displacement intensity factor (EDIF) KD ¼
KD=D0
ﬃﬃﬃﬃﬃﬃ
pc
p
versus normalized frequency X for the same scenario
as in Fig. 5. It is interesting to note that the ﬁrst peak of KIII which
appears in Fig. 5 has no counterpart in KD. The electro-mechanical
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Fig. 5. Normalized SIF versus normalized frequency for an inhomogeneous ﬁnite plate under different mechanical and/or electrical loads for inhomogeneity direction a = 90:
(a) r0 = 400  106 N/m2, D0 = 0.1 C/m2, (b) r0 = 400  106 N/m2, D0 = 0.0 C/m2 and (c) r0 = 0.0 N/m2, D0 = 0.1 C/m2.
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ical SIF is induced by a pure electrical load, while in Fig. 6b the EDIF
is induced by a pure mechanical load.
Figs. 4–6 reveal that the stress ﬁeld is a result of different phys-
ical phenomena and their mutual internal interaction. Thesephysical phenomena are: (a) wave–crack–external solid’s bound-
ary interaction that leads to more complex character of the SIFs
curve; (b) wave–material with its anisotropic, inhomogeneous
coupled properties interaction that leads to the appearance and
shifting of the resonance frequencies; (c) type and characteristics
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Fig. 6. Normalized EDIF versus normalized frequency for an inhomogeneous ﬁnite plate under different mechanical and/or electrical loads for inhomogeneity direction
a = 90: (a) r0 = 400  106 N/m2, D0 = 0.1 C/m2, (b) r0 = 400  106 N/m2, D0 = 0.0 C/m2, (c) r0 = 0.0 N/m2, D0 = 0.1 C/m2.
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electrical and hybrid electro-mechanical); (d) coupled essence of
the electro-mechanical nature of piezoceramics.
The second series of simulations concern two collinear cracks in
a rectangular inhomogeneous plate. In Fig. 7a,b the normalizedmechanical SIF KIII at the right crack-tip of the crack S
1
cr left from
the origin of the coordinate system (see Fig. 2) is plotted versus
normalized frequency X of the applied electro-mechanical load
for two different crack distances and a = 90. For comparison the
result for a single crack in a homogeneous plate is also displayed.
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Fig. 7. Normalized SIF versus normalized frequency for an inhomogeneous ﬁnite plate with two collinear cracks under mechanical load r0 = 400  106 N/m2 and electrical
load D0 = 0.1 C/m2 for the inhomogeneity direction a = 90: (a) e = c/2 and (b) e = c/4.
3158 P. Dineva et al. / International Journal of Solids and Structures 47 (2010) 3150–3165As expected, the interaction effect of the collinear cracks increase
with decreasing crack distance. Remarkable is also the frequency
shift of the ﬁrst peak between the collinear cracks and the single
crack system. For the same loading conditions KIII curves for the
right crack tip of the crack S1cr are presented in Fig. 8a,b for the ﬁxedcrack distance e = c/4 but for different inhomogeneity directions.
Again, for comparison, the results for the homogeneous single
crack and collinear crack conﬁguration are displayed. It can be seen
that the inhomogeneity direction as well as its strength inﬂuence
the results signiﬁcantly.
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Fig. 8. Normalized SIF versus normalized frequency for an inhomogeneous ﬁnite plate with two collinear cracks at distance e = c/4 under mechanical load r0 = 400  106 N/
m2 and electrical load D0 = 0.1 C/m2 for different inhomogeneity strengths rc = 0.0;0.05 and inhomogeneity directions: (a) a = 90 and (b) a = 20.
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nal play of the physical mechanisms of the wave–crack, the wave–
material, the wave–solid’s boundaries and the electro-mechanical
interaction we should add the dynamic crack–crack interaction
and as a whole the crack scenario with all its peculiarities.
The third group of examples concentrates on the effect of the
external boundary. For this purpose two collinear cracks under
pure mechanical loading in an inﬁnite domain with different inho-
mogeneity strength and direction are considered, see Figs. 9, 10.
Shown are KIII curves for the right crack-tip of the left crack S
1
cr
for two different crack distances e = 2c and e = c/4, respectively. Acomparison with the results in Figs. 4–8 reveals the role of the re-
ﬂected waves from the external boundary of the ﬁnite piezoelectric
solid. Their interaction with the waves scattered by the crack
shows the inﬂuence of the geometry of the crack scenario.
The fourth group of simulations covers results obtained for cur-
vilinear cracks under pure mechanical loading in an inﬁnite do-
main. Considered are convex and concave circular arcs with an
opening angle b = p/2 and the radius R ¼ c
ﬃﬃﬃ
2
p
. Fig. 11a and b shows
for single arc cracks normalized KIII factors versus normalized fre-
quency X for the inhomogeneity direction a = 90 and different
inhomogeneity strengths rc. For comparison also the result for a
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Fig. 9. Normalized SIF versus normalized frequency at the inner tip of the left crack
of two collinear cracks at distance e = 2c in an inhomogeneous inﬁnite plate under
mechanical load: (a) a = 90 and (b) a = 20.
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Fig. 10. Normalized SIF versus normalized frequency at the inner tip of the left
crack of two collinear cracks at distance e = c/4 in an inhomogeneous inﬁnite plate
under mechanical load: (a) a = 90 and (b) a = 20.
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crack KIII decreases with increasing inhomogeneity strength while
the opposite tendency is observed for the concave crack. This sim-
ply can be explained by the local stiffness increase or decrease,
respectively, at the crack tip. The effect coming solely from the
crack type can be seen more clearly in Fig. 12a, where K-factors
for the convex and concave crack in a homogeneous material are
compared. The deviation of both results increases with increasing
frequency. The effect coming solely from the material inhomoge-
neity is shown in Fig. 12b, where KIII curves for a concave crack
for two different inhomogeneity strengths are depicted. Since the
local stiffness is higher at the crack-tips for rc = 0.5 the K-factors
are higher than for rc = 0.05. The same explanation holds for
Fig. 12c where for a ﬁxed inhomogeneity strength K curves for a
convex and a concave crack are compared.The wave–material interaction and connected with this reso-
nance phenomena can be seen in Figs. 4–8. It is clear that the value
of the resonance is sensitive to the excitation frequency, to the
properties of the material, like anisotropy, inhomogeneity and to
the electro-mechanical coupling. The obtained simulation results
reveal that the direction and the magnitude of material gradient
have strong inﬂuence on the place of the resonance frequencies.
The frequency dependence of the SIFs is more complex in the cases
of two cracks in a ﬁnite plate, see Fig. 7, but even in the case of a
single crack in inﬁnite inhomogeneous plane the wave-inhomoge-
neous material interaction is observed through the shifting of the
0.5
0.6
0.7
0.8
0.9
1
1.1
1.2
rc=0.0 rc=0.05
rc=0.1
rc=0.2 rc=0.3
rc=0.5
IIIK*
IIIK*
0.7
0.8
0.9
1
1.1
1.2
1.3
0 0.2 0.4 0.6 0.8 1 1.2 1.4
0 0.2 0.4 0.6 0.8 1 1.2 1.4
rc=0.0 rc=0.05
rc=0.1
rc=0.2 rc=0.3
rc=0.5
a
b
Fig. 11. Normalized SIF versus normalized frequency for an inﬁnite inhomogeneous plate under mechanical load: (a) convex crack and (b) concave crack.
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Fig. 12b.
All the curves in Figs. 10 and 11 reach a peak and then oscillate
about the static value. It can be seen that the peak values are less
than that for the homogeneous material. So, the conclusion is that
the crack driving force can be reduced by using the concept for the
FGPM and the idea to replace the homogeneous materials with
smoothly inhomogeneous one in the new smart structure technol-
ogies works successfully.
Taking all results together, the simulations show that: (i) the
inhomogeneity direction and strength may induce strong differ-
ences between the local ﬁelds at the left and right crack-tips; (ii)
the mechanical SIF and EDIF are frequency dependent and reso-
nance phenomena occur; (iii) the wave–crack, wave–material
and crack–crack interaction effects play an important role; (iv)
the external boundary plays an equally important role since it is
a source of reﬂected waves making the dynamic stress ﬁeld more
complex; (v) the electro-mechanical coupling is essential for
effects in piezoelectric materials; (vi) the applied electrical loadsaffect the local stress ﬁeld at the crack-tips; (vii) the crack geome-
try is an important factor; the material inhomogeneity-crack tip
interaction depends on the location of the crack tip (left or right)
and on its disposition in the overall cracks-solid conﬁguration
and geometry. The proposed mechanical model combined with
the validated numerical scheme has the potential to reveal and
to study all these phenomena.6. Conclusions
The two dimensional dynamic anti-plane crack problem of a
functionally graded piezoelectric solid is solved in the frequency
domain by means of non-hypersingular traction based BIEM. The
material properties vary quadratically with two spatial variables.
The frequency dependent fundamental solution based on Radon
transforms is derived and a single domain BIEM approach is used
which leads to integro-differential equations for the generalized
crack opening displacements along the cracks and for the general-
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Fig. 12. Comparison of normalized SIF curves for the right crack-tip of a curvilinear crack in an inhomogeneous inﬁnite plate under mechanical load (inhomogeneity direction
a = 90): (a) convex and concave crack, rc = 0.0, (b) concave crack, rc = 0.05 and rc = 0.5 and (c) convex and concave crack, rc = 0.5.
3162 P. Dineva et al. / International Journal of Solids and Structures 47 (2010) 3150–3165ized displacements and tractions on the external solid’s boundary.
Quadratic shape functions and quarter-point boundary elements at
the crack-tips are applied. Numerical examples for straight and
curved center cracks and two collinear cracks in a rectangular plate
under uniform electro-mechanical load are solved. The general
conclusion from the simulations is that the dynamic stress ﬁeld
is a complex result of the dynamic electro-mechanical load (its
type and characteristics), the piezoelectric material with its spe-
ciﬁc peculiarities like anisotropy, inhomogeneity, electro-mechan-
ical coupling and the geometry of the crack scenario (multiple
cracks, external boundary, crack-tip position, relation between
crack length, sizes of the cracked solid, etc.). Numerical results
demonstrate that the mechanical SIF and EDIF are sensitive to
the direction and magnitude of the material inhomogeneity,
dependent on the frequency of the applied load and on the relation
between the magnitude of the gradient parameter and the crack
size and that they are inﬂuenced strongly by the cracks interaction
and geometry of the crack system.Acknowledgement
The authors acknowledge the support of the DFG under the
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Appendix A. Fundamental solution
The derivation of the fundamental solution is as follows. Replac-
ing uJM by h
1=2ðxÞUJM in Eq. (11), dividing by h1/2 and using the
properties of the d-distribution we get
C0iJKlU

KM;ii þ q0JKx2UKM ¼ h1=2ðnÞdJMdðx; nÞ: ð14Þ
Here the representations
uKM;l ¼ 
1
2
h3=2h;lU

KM þ h1=2UKM;l;
P. Dineva et al. / International Journal of Solids and Structures 47 (2010) 3150–3165 3163riJM ¼ C0iJKlhUKM;l ¼ C0iJKl ðh1=2Þ;lUKM þ h1=2UKM;l
h i
;
riJM;q ¼ C0iJKl ðh1=2Þ;lqUKM  ðh1=2Þ;lUKM;q þ ðh1=2Þ;qUKM;l þ h1=2UKM;lq
h i
are used and the fact that for q = i = l the terms with ﬁrst derivatives
of UKM vanish.
For the solution of Eq. (14) Radon transform is used. In R2 it is
deﬁned for the set f 2 I of rapidly decreasing C1 functions as
f^ ðs;mÞ ¼ R½f ðxÞ ¼ R f ðxÞdðs hm; xiÞdx with the inverse transform
f ðxÞ ¼ 1
4p2
Z
jmj¼1
Kðf^ ðs;mÞjs¼hm;xi dm; Kðf^ Þ ¼
Z 1
1
@r f^ ðr;mÞ
s r dr:
The following properties of the Radon transform also are used:
f^ ðas;amÞ ¼ 1jaj f^ ðs;mÞ;Rða1f1 þ a2f2Þ ¼ a1 f^ 1 þ a2 f^ 2;
Rð@jf ðxÞÞ ¼ mj@s f^ ðs;mÞ;RðdðxÞÞ ¼ dðsÞ:
Applying Radon transform to both sides of (14), we obtain two sys-
tems of ordinary differential equations (ODE) with respect to bU
C0iJKim
2
i @
2
s þ q0JKx2
h ibUKM ¼ h1=2ðnÞdJMdðs hn;miÞ: ð15Þ
In a matrix form Eq. (15) is written as
M@2s þ C
 bU ¼ F: ð16Þ
Here m, jmj = 1 is used because only such m are necessary for the
inverse Radon transform. The matrices M, C, F, bU are:
M ¼ c
0
44 e
0
15
e015 e011
 !
; C ¼ q
0x2 0
0 0
 !
;
F ¼ h1=2ðnÞ d 0
0 d
 	
; bU ¼ bU33 bU34bU43 bU44
 !
:
Proceeding as in Rangelov and Dineva (2007) we reduce the term
above the diagonal in the matrix M and obtain a decoupled system
for bU3J ; bU4J . Using the method of Vladimirov (1984) for a solution of
ODE with Dirac’s delta on the right hand side we get a solution of
Eq. (16) in the form
bU33 ¼  12ika0 eikjssj;bU34 ¼ bU43 ¼  a2ika0 eikjssj;bU44 ¼  a22ika0 eikjssj þ 12e011 js sj;
ð17Þ
where the following notations are used:
s ¼ hn;mi; a0 ¼ c044 þ
e0215
e011
; k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q0=a0
p
x; a ¼ e
0
15
e011
:
Since the functions bUKM are linear combinations of eikjssj and js  sj
for the ﬁrst part of the inverse Radon transform K bUKM  using the
calculus with distributions the following formulas are derived:
KðeikjssjÞ ¼ ikfipeikc  2½ciðkcÞ cosðkcÞ þ siðkcÞ sinðkcÞgjc¼jssj;
Kðjs sjÞ ¼ 2 ln cjc¼jssj;
ð18Þ
where ciðaÞ ¼  R1a cos tt dt; siðaÞ ¼  R1a sin tt dt are the cosine and
sine integral functions, see Bateman and Erdelyi (1953).
The ﬁnal form of the fundamental solution of Eq. (11) is Eq. (12)
whereUKM ¼
1
4p2
Z
jmj¼1
K bUKM 



s¼<x;m>
dm: ð19Þ
The derivatives of the fundamental solution uJK and its stress riJK are
found using the functions
@sKðeikjssjÞ ¼ ik kpeikc  2c þ 2k½ciðkcÞ sinðkcÞ

siðkcÞ cosðkcÞ

jc¼jssjsgnðs sÞ;
@sKðjs sjÞ ¼ 2s s ;
ð20Þ
and the chain rule
@pU

JK ¼
1
4p2
Z
jmj¼1
@sK bUJK 




s¼<x;m>
mp dm: ð21Þ
Using the continuity of the function h we get h(x) = h(x0) +
O(jx  x0j) and obtain the near ﬁeld asymptotic of uJK and rkJM for
x? x0 as
uJK  h1ðx0ÞbJK ln jx x0j; rkJM  dkJM
1
jx x0j ; ð22Þ
where bJK, dkJM depend on the reference material constants and the
density, but not on the frequency.
Appendix B. Solution of the singular integrals
In order to present the solution of different types of integrals in
Eq. (10) let us ﬁrst recall the discretization scheme with quadratic
BE. Let the nodes of the BE with a length L are: xjq1 ; x
jq
2
 
; j ¼ 1;2;3,
the ﬁeld point is xp1; x
p
2
 
and rx1
k
¼ x1qk  xpk ; rx3k ¼ x
3q
k  xpk ; k ¼ 1;2.
Transformations to the intrinsic coordinate z are as follows:
– for ordinary (O) BE: rxk ¼ rx1k þ
zþ1
2 rx3k  rx1k
 
;
– for left quarter-point (LQP) BE: rxk ¼ rx1k þ
zþ1
2
 2 rx3
k
 rx1
k
 
;
– for right quarter-point (RQP) BE: rxk ¼ rx3k 
z1
2
 2 rx3
k
 rx1
k
 
.
The quadratic shape functions and their derivatives are:
N1 ¼ zðz1Þ2 ; N2 ¼ 1 z2; N3 ¼ zðzþ1Þ2 ; N01 ¼ z 12 ; N02 ¼ 2z; N03 ¼
zþ 12.
To form a linear algebraic system of equations from the integro-
differential equation (10) we use a shifted point method, see
Rangelov et al. (2003). The essence is that after discretization of
the boundary S and of the crack’s lines Scr with continuous qua-
dratic BE and having an approximation of displacement, traction
or COD with quadratic shape functions, we form for every BE and
for every component of the unknowns two linear equations –
one using as a ﬁeld point second nodal point on the BE ðx2q1 ; x2q2 Þ
and second, using a point close to the ﬁrst or to the third nodal
point on the BE – named shifted point. In this way all integrals with
such a ﬁeld point are at least CPV integrals and smoothness
requirements of the approximation hold. Remind that the un-
knowns are the values of displacement, traction or COD at the no-
dal points and the quadratic BE are continuous.
The following types of double integrals with respect to intrinsic
variable z 2 [1,1] andu 2 [0,2p], wherem1 = cosu,m2 = sinu ap-
pears after discretization of Eq. (10):
(U) – integrals with a kernel UJK;
(R) – integrals with a kernel UJK;l;
Solution of the integrals of type (U): If the ﬁeld point and the
running point do not belong to the same BE, the double integral
is solved using QMCM. If the ﬁeld point and the running point be-
Vrq1
Vrq2
Vrq3
3164 P. Dineva et al. / International Journal of Solids and Structures 47 (2010) 3150–3165long to the same BE then the integral is divided into a sum of two
integrals – a regular one (U)r and a singular one (U)s. The integrals
(U)r are solved numerically using the QMCM. The integrals (U)s
have weak singularity of logarithmic type due to the asymptotic
behavior in the fundamental solution of the cosine integral func-
tion for small arguments. Using the asymptotic representation
Eq. (22) for a small neighborhood of the ﬁeld point the integral
(U)s is solved as a CPV integral, while on the rest interval it is solved
numerically using QMCM.
Solution of the integrals of type (R): Let us divide those inte-
grals into sum of two integrals – the singular (R)s with a kernel
coming from 1c in Eqs. (20) and (21) and the regular (R)
r. The inte-
grals (R)r are solved numerically by the QMCM. The singular inte-
grals (R)s are solved using Fubini’s theorem analytically with
respect to the intrinsic variable z 2 [0,1] and then numerically on
u 2 [0,2p] with Gauss integration scheme. The corresponding for-
mulae are as follows.
	 Integrals over O-BE. Let us denote c ¼ mkrxk ¼ Aþ Bz. Over the
boundary S and the cracks Scr the integrals are with shape func-
tions Nk, so denoteZ 2
0
Z 2
0
Wo1
Wo2
Wo3
Vor1
Vor2
Vor3
Z 2
0
Vlq1
Vlq2
Vlq3
Z 2
0p Z 1
1
flJKNj
1
c
L
2
dzdu ¼
Z 2p
0
flJKW
ord
j du:Additionally over S there are integrals with N0k, so denotep Z 1
1
g1lJKN
0
j
1
c
dzdu ¼
Z 2p
0
g1lJKV
ord
j du;whererd ¼ 1
B
2 A
B
þ 1
 	
þ A
2
B2
þ A
B
 !
ln
Aþ B
A B




 




" #
L;
rd ¼ 1
B
4
A
B
 2 A
2
B2
 1
 !
ln
Aþ B
A B




 




" #
L;
rd ¼ 1
B
2 A
B
 1
 	
þ A
2
B2
 A
B
 !
ln
Aþ B
A B




 




" #
L:
ð23Þ
d ¼ 1
B
2 2Aþ B
2B
ln
Aþ B
A B




 



 ;
d ¼ 1
B
4þ 2A
B
ln
Aþ B
A B




 



 ;
d ¼ 1
B
2 2A B
2B
ln
Aþ B
A B




 



 :
ð24Þ	 Integrals over LQP-BE. Let’s denote c ¼ mkrxk ¼ C þ D zþ12
 2. Over
the cracks Scr integrals are with shape functions N
0
k, so denotep Z 1
1
g2lJKN
0
j
1
c
dzdu ¼
Z 2p
0
g2lJKV
lqp
j du;wherep ¼ 2
D
ln
Dþ C
C




 



 3ﬃﬃﬃﬃﬃﬃCDp arctan
ﬃﬃﬃﬃ
D
C
r
;
p ¼  4
D
ln
Dþ C
C




 



þ 4ﬃﬃﬃﬃﬃﬃCDp arctan
ﬃﬃﬃ
D
C
r
;
p ¼ 2
D
ln
Dþ C
C




 



 1ﬃﬃﬃﬃﬃﬃCDp arctan
ﬃﬃﬃﬃ
D
C
r
:
ð25Þ	 Integrals over RQP-BE. Let us denote c ¼ mkrxk ¼ F þ H z12
 2.
Over Scr integrals are with shape functions N
0
k, so denotep Z 1
1
g3lJKN
0
j
1
c
dzdu ¼
Z 2p
0
g3lJKV
rqp
j du;wherep ¼  2
H
ln
F þ H
F




 



þ 1ﬃﬃﬃﬃﬃﬃFHp arctan
ﬃﬃﬃﬃ
H
F
r
;
p ¼ 2
H
ln
F þ H
F




 



 4ﬃﬃﬃﬃﬃﬃFHp arctan
ﬃﬃﬃﬃ
H
F
r
;
p ¼  2
H
ln
F þ H
F




 



þ 3ﬃﬃﬃﬃﬃﬃFHp arctan
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H
F
r
:
ð26ÞFormulae (23)–(26) are implemented in the programme code.
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